Abstract: This paper presents a numerical formulation for the nonlinear analysis of slender steel-concrete composite columns of generic cross-sectional shape, subjected to axial force and biaxial bending. The cross section is defined in terms of a number of closed polygonal loops of a specific material, each one with its own stress-strain relation, with reinforcement bars embedded in the polygons. The material and geometrically nonlinear equlibrium problem is solved by the finite element method, with displacement-based stress resultant beamcolumn elements. The proposed scheme turns possible, with a unified treatment, to perform analyses of concrete-filled steel tubes, fully or partially encased steel profiles, or less usual cross sections present on composite construction. The robustness and accuracy of the formulation is verified against numerical and experimental results available in the literature.
Introduction
Composite structures, also called mixed or hybrid structures, combine steel and reinforced concrete to benefit from each material characteristic. Composite construction takes advantage of the speed of construction, light weight and strength of steel, and the higher mass, stiffness, damping properties, and economy of reinforced concrete. One of the most suitable structural elements for this combination is the composite column, which in recent years has received much attention by researchers and practicing engineers. Steel-concrete composite columns have been employed in high-rise buildings, bridges, piers, piles, and earthquake-resistant structures.
The most usual types of composite columns are the concrete filled steel tubes and the partially or fully encased steel profiles. Encased steel elements have the additional advantage of protecting from fire damage and local buckling of steel plates, while concrete-filled tubes benefit from the increase in strength due to concrete confinement. In general, reinforcement bars may be present, as well as shear connectors to prevent slip.
Most practice codes, such as the widely used AISC-LRFD ͑1999͒; ACI-318 ͑2002͒; Eurocode 4 ͑1994͒; and BS-5400 ͑BSI 1979͒ have incorporated simplified methods for analysis and design of composite columns. These provisions are generally extrapolated from either reinforced concrete column or steel column design codes ͑Oehlers and Bradford 1995͒. Significant differences between prescriptions of these codes ͑El- Tawil et al. 1995; Zhang and Shahrooz 1999; Saw and Richard Liew 2000; Weng and Yen 2002͒ indicate that further numerical and experimental research must be undertaken to gain understanding about the structural behavior of these elements.
The finite element method ͑FEM͒ is the most popular tool for simulation of structural response. Recent numerical work on composite columns has been focused on either three-dimensional or beam-column elements. Three-dimensional element formulations are able to predict the complex behavior of the composite structures, using sophisticated material constitutive laws and interaction models between the materials. Beam-column elements, on the other hand, are simpler to develop and implement and less expensive on computational terms.
Practical design situations often employ composite columns under simultaneous axial load and biaxial bending. However, not many numerical and experimental results are available for combined axial force-biaxial bending loading, and design rules based on linearization of the interaction curves may be too conservative.
The purpose of this paper is to develop and implement a numerical procedure for the static analysis of slender steel-concrete composite columns subjected to axial force and biaxial bending. The main advantage of the formulation is its suitability for a generic shape of cross section under different loading conditions, providing a valuable tool for the analysis of composite columns. At the end of the paper, selected examples prove the ability of the proposed scheme to provide accurate and reliable results compared to experimental data as well as other numerical formulations.
Cross-Section Analysis
Composite cross-section analysis remains an active field of research. In composite construction, the formability and robustness of concrete, associated to the high resistance of steel profiles allow the columns to be designed with various geometries. Analytical ͑Roik and Bergmann 1990͒ and numerical procedures for Chen et al. 2001; Sfakianakis 2002; Bonet et al. 2004͒ . Practice codes are often restricted to symmetric sections and simple mechanical models, such as the rigidplastic assumption.
Cross-sectional analysis is a fundamental step on the formulation and implementation of a successful numerical analysis of composite columns by FEM. For stocky columns or in simplified models which use approximations for geometric nonlinearity, it may provide the solution of the column problem itself. The basic numerical procedures involved are the determination of resultant forces under predefined deformation variables and the evaluation of derivatives of resultant forces with respect to the same variables ͑generalized stiffnesses͒. According to Spacone and El-Tawil ͑2004͒, two different approaches are generally used, namely ͑1͒ resultant model and ͑2͒ fiber section models. Fiber section model involves the subdivision of the section into small elements which are assumed to be in a state of uniaxial stress. This simple scheme allows the representation of any shape of steel-concrete composite section. Effects such as concrete confinement, cracking, strain localization, and steel local buckling may be simulated. Resultant section models define section responses in terms of values of moment-curvature relationships and works with combined axial force-bending moment elastic bounding surfaces. In both cases, plane sections are assumed to remain plane even into the inelastic range.
In the present paper, cross-sectional response is defined in terms of resultant axial force and bending moments, N x , M y , and M z ͑Fig. 1͒, which are in turn functions of the section deformation state, described by generalized strains, namely axial strain 0 and curvatures k y and k z
The generalized strains are measured relative to a local system of axes whose origin is conventionally adopted at the plastic centroid of the cross section. Strain at any point ͑y , z͒ may be evaluated by = 0 + k y z − k z y. In usual situations ͑doubly symmetric sections͒ this point coincides with the geometric centroid. The resultant forces and derivatives are obtained from analytical integration of the stress-strain relationship for each material ͑Caldas 2004͒. This formulation has close similarities with the fiber model.
The geometry of the cross section is described by a number of closed counterclockwise loops, with internal openings described clockwise, Fig. 1 . Each loop encloses a specific material with a piecewise-defined stress-strain relation. Curved boundaries are approximated by an equivalent set of rectilinear segments. The resultant forces of Eqs. ͑1͒ may be split into a sum of integrals over each material polygon, while reinforcement bar contributions are evaluated pointwise. If the uniaxial stress-strain relations are composed by polynomials ͑or adequately approximated by a set of polynomials͒, Eqs. ͑1͒ are integral expressions of integer powers of y and z, and cross-sectional resultant forces and derivatives with respect to the deformation variables may be evaluated analytically. This well-known procedure is based on the transformation of the surface integrals into line integrals along the closed boundaries of each region and appears to have been first suggested for reinforced concrete section analysis by Werner ͑1974͒ and later employed, for instance, by Rotter ͑1985͒. Although quite convenient, this scheme seems not to have been fully explored for analysis of composite cross sections.
With piecewise polynomial stress-strain laws, it is necessary to subdivide each material polygon into subpolygons, correspondent to each subrange of the constitutive law. This can be accomplished in an elegant way by means of a well-known surface contouring algorithm from computer graphics ͑Martha et al. 1997͒. This method of analysis enables one to consider, for instance, different levels of confinement for distinct concrete regions, different residual stresses and effective widths for steel profile plates, or even modified stress-strain relationships for the case of structures subjected to fire action. Compared to the fiber section model, it is unnecessary to subdivide the cross section into small square regions, the results are exact for polynomial stressstrain laws, there are no restrictions on the geometry of the section and the integrations are much faster.
In the examples presented in this paper the stress-strain relations for steel ͑and reinforcement͒ and concrete were assumed as shown in Figs. 2 and 3. The concrete peak stress is dependent on the confinement level assumed to each region of interest, and the limit value of concrete strain cu may vary according to its cylinder strength f cyl . If f cyl is under 50 MPa, cu is taken equal to −0.0035, and as −0.175/ f cyl but less than −0.0022 otherwise.
Finite Element Formulation
Several works have dealt with numerical analysis of composite steel-concrete structures. Composite beams have received considerable attention. Less research, however, has been devoted to composite columns, and for biaxial bending of slender composite columns there is not much numerical and experimental research. Muñoz and Hsu ͑1997a, b͒ performed experimental and numerical analysis of concrete-encased composite colums under biaxial bending and proposed a simplified design procedure. More recently, Lakshmi and Shanmugam ͑2002͒ developed a semianalytical procedure for numerical analyses of in-filled composite columns under biaxial bending which showed good agreement with a large set of experimental data.
The numerical procedures may be roughly divided in two main approaches. 1. Three-dimensional analysis with solid elements: This approach offers the widest range of possibilities for simulating structural behavior. Sophisticated constitutive relations may be employed, including plasticity, damage, and time dependent effects. Shear connection may be modeled precisely as well as bond-slip between the elements. Johansson and Gylltoft ͑2002͒ employed this kind of strategy via commercial code to analyze the influence of forms of load application; and 2. Bar or beam-column elements: This approach employs onedimensional elements to model the beam-column axis. It requires accurate evaluation of cross-sectional properties as the physical nonlinearities are taken into account at section level and carried to element level by means of numerical integration. It has been recognized that the employment of solid elements, despite its accuracy and reliability, may be excessively timeconsuming for practical purposes and, in general, beam-column elements offer a better balance between response precision and computational cost. For beams, specialized formulations have been developed to consider the effect of bond slip in the steelconcrete interface ͑Salari and Spacone 2001; Faella et al. 2002͒ . This effect is generally neglected when dealing with columns, due to its not significant influence in the column's ultimate capacity. Recent developments on beam-column elements for reinforced concrete, steel, and composite structures have employed classical displacement-based as well as mixed and force-based formulations ͑Ayoub and Filippou 2000; El-Tawil and Deierlein 2001a,b; Salari and Spacone 2001͒ , and a lot of effort is still being put on research with the objective of finding better formulations.
The FE model employed in this paper is based on cubic interpolation of transverse displacements and quadratic interpolation for axial displacements. The main advantage of this rather classical scheme is its simplicity of formulation and implementation, with easy incorporation into existing FE codes. Its drawback lies on the fact that for inelastic response the solution will not in general satisfy equilibrium and several elements may be necessary to correctly simulate the behavior of a single bar. This has been a major concern ͑Chan 2001͒, leading to the development of alternative procedures for beam-column analysis, such as mixed or flexibility-based elements ͑Ayoub and Filippou 2000; El-Tawil and Deierlein 2001a,b͒ and the quartic interpolation technique with constant axial force criterion ͑Izzudin et al. 2002͒, among many others. Notwithstanding, Teh ͑2001͒ argued that this concern about cubic elements is unjustified and stated that the cubic formulation provides very good results for steel frame analyses with just a few elements per member. Although this statement cannot be directly extrapolated for reinforced concrete or composite elements, the writers obtained accurate results with not more than four elements per column, which in a personal computer does not imply prohibitive computational cost.
The maximum concrete compressive stress value f c depends on the confinement level, see, for instance, the discussion by ElTawil and Deierlein ͑1999͒. In this work, for in-filled circular steel tubes, concrete peak stress is considered to be equal to its maximum cylinder compressive stress f cyl , otherwise it is assumed to be equal to 0.85 f cyl . These values are based on the Eurocode 4 ͑1994͒ specifications.
The element axis is supposed to coincide with the plastic centroid of the cross section. Previous work ͑Roik and Bergmann 1990; Chen et al. 2001͒ has showed that this assumption leads to better results when applied to nonsymmetrical cross sections under biaxial bending as it provides a smoother mapping between the resultant moment and the neutral axis direction, which are in general not parallel.
Element Formulation
The point of departure for the FE formulation is the principle of virtual work stated as a condition of equilibrium for the structure
It is assumed that each fiber of the column is in a uniaxial state of strain. The expression for the internal virtual work for an element of volume V, when only uniaxial stresses and strains are taken into account, is
͑3͒
Integration is performed relative to the undeformed element configuration ͑total Lagrangian approach͒. The end nodal degrees of freedom are two transverse displacements, two rotations, and one axial displacement, Fig. 4 . As mentioned before, cubic interpolation ͑Hermitian basis functions͒ for the transverse displacements v and w and quadratic interpolation for the axial displacement u are employed at the element level 
At the structural level, the central node axial displacement is statically condensed out from the final equations. Upon substitution of the strain-displacement relation
͑the prime indicates differentiation with respect to x͒, on Eq. ͑5͒, replacement of interpolation of the nodal variables and integration on the cross section, the element internal force vector may be obtained
Following standard procedure, derivation of the internal force vector with respect to the nodal displacements leads to the element tangent stiffness matrix:
The element resultant forces N x , M y , M z and their derivatives with respect to the generalized displacements q are obtained analytically by the technique presented in the previous section. The solution of the nonlinear equilibrium problem is obtained using the Newton-Raphson technique with either load or displacement control. The second choice is recommended to traverse load limit points which is the general case for isolated composite columns. Although a descending branch after peak load is usually present, the examples analyzed herein generally do not show this behavior strongly, mainly due to the constitutive relation adopted.
The numerical analyses undertaken were stopped when the maximum concrete strain reached the conventional limit cu .
Examples
Several researchers have carried out experimental analyses of composite columns, and some have performed numerical investigations as well. Shanmugam and Lakshmi ͑2001͒ presented a comprehensive compilation of experimental results dating back from 1969. In this section, results from experimental and numerical analyses from other sources are compared with the ones by the present formulation. The examples try to encompass the largest number of possibilities to illustrate the versatility of the formulation. In all the examples Young modulus for the steel and reinforcement was taken as 210,000 MPa.
Slender Concrete Encased I-Sections
Mirza and coworkers ͑1996͒ carried out an experimental and numerical study on the behavior of slender concrete-encased composite beam-columns, with the presence of reinforcement, comprising a total number of 16 specimens. The beam-columns were tested under a combination of axial force and transverse loads, with high influence of second-order effects. Steel ribs were welded along the steel flanges of I-sections of the specimens in order to study the influence of the mechanical connection between the materials. In the original work, the FE analysis employed three-node, three-dimensional beam elements from a commercial program ͑Abaqus v. 4.8͒. I-beam elements were used to model the steel section, with 15 integration points. For concrete 15ϫ 15 integration points were used and for reinforcement one integration point per bar. The steel ribs were modeled using 10 integration points and eccentric elements. A modified version of the DesayiKrishnan curve was employed for concrete ͑Saenz 1964͒. More details, including the geometries of the cross sections and the material properties for concrete, steel, and reinforcement of each specimen, may be found in the original paper.
The proposed model employed four elements with four integration points each, disposed so that the nodes coincided with the points of application of the transverse loads. The comparison of the numerical and experimental results obtained by Mirza et al. ͑1996͒ are plotted against the present formulation in Table 1 and Figs. 5-7. It can be seen that the numerical results display a very good agreement.
Slender Circular Concrete Filled Tubes
Results of nine experiments on slender concrete filled tubes subjected to eccentric axial load were obtained from the work of Rangan and Joyce ͑1992͒. The cross-section specimens consisted of a steel tube of 1.6 mm thickness and external diameter 101.6 mm. The concrete cubic strength is 67.4 MPa and the steel yield strength 218 MPa.
The numerical analysis using the proposed formulation employed four elements with four integration points each. Loading was applied at both ends of the column resulting in single curvature. The maximum allowable value for concrete strain was relaxed. This consideration was adopted because previous works ͑Varma et Han 2004͒ have concluded that high-strength concrete, when confined by a circular steel tube, displays a strongly ductile behavior, with little decrease in the maximum Table 2 shows the results of the analysis and comparison with values obtained by Rangan and Joyce ͑1992͒.
Slender Rectangular Concrete-Filled Tubes under Biaxial Bending
From the work by Lakshmi and Shanmugam ͑2002͒ the writers reproduced the results obtained by Matsui et al. ͑1995͒ , in which 16 square concrete-filled tubes were tested. The tubes had sides with 149.8 mm ͑external͒ and thickness of 4.27 mm. The steel tube had a yield stress of 412 MPa, and the concrete had cylinder strength of 31.9 MPa ͑average values͒. Columns from 0.6 to 4.5 m high were tested, with eccentricity varying from zero to 125 mm along the two principal axes of the cross section.
Four identical elements with four integration points were employed in the numerical analysis. Table 3 displays the results and comparisons with the experimental data, displaying very good agreement. The greater difference observed for very slender columns is probably due to the presence of geometrical imperfections which are more likely to be present in these cases. Lakshmi and Shanmugam ͑2002͒ took this into account by employing an initial eccentricity equal to 0.001 times the column length. Although it would be simple to incorporate this eccentricity into the present formulation, without a reliable measure of imperfection from the test program any adopted value would be arbitrary. For design purposes, the imperfection values established by the design codes should be used.
Rectangular Concrete-Filled Tube with High Strength Materials
Liu et al. ͑2003͒ published results from tests of 21 short rectangular concrete-filled steel tubes, assembled with high strength materials. The wall thickness was constant and equal to 4.18 mm, the sides of the tube varied from 80.1 to 200.2 mm, and the length of the specimens varied from 300 to 600 mm. The average yield stress for steel was 550 MPa and the cylinder resistances for con- crete were 60.8 and 72.1 MPa. Four elements with four integration points were used in the numerical analysis. Table 4 displays the comparison between the tests and the numerical results. Once again there is excellent agreement between the experimental and numerical results.
Slender Composite Columns under Biaxial Bending, Single and Reverse Curvature
Wang ͑1999͒ performed experiments with eight rectangular hollow concrete-filled and seven I-section concrete-encased columns under static loding. The specimens were subjected to eccentric axial loading in both ends resulting in uniaxial and biaxial bending with either single or reverse curvature. The cylinder strength for concrete ranged from 25 to 55 MPa and yield stress from 310 to 370 Mpa. Four elements with two Gauss points were employed. Table 5 summarizes the data for the experiments and the comparison of the ultimate loads obtained by the experimental program with those from the present formulation. In terms of displacements, some discrepancies are once more unavoidable as in general geometrical imperfections are present in experimental results and these were not taken into account here. For instance, the original work measured nonzero displacements at the midheight of reverse curvature specimens that the numerical analysis is not able to detect.
Summary and Conclusions
A FE formulation for the numerical analysis of composite steelconcrete slender columns of arbitrary cross section was developed, implemented, and tested. The section formulation permitted the simulation of behavior for all common types of composite columns, differently from most of the published work that usually focuses on a particular type of section. The results obtained by the numerical procedure agree well with other numerical simulations and with experimental results. The model proved to be accurate and reliable in terms of ultimate load capacity as well as displacement evaluation. The results obtained so far encourage one to develop critical analysis of simplified procedures from various code practices, especially with respect to the effects of slenderness on the displacement pattern and second order effects on columns with various loading and support conditions. The presented formulation is restricted to isolated members with well-defined boundary conditions. An issue to be addressed further is whether it is suitable for numerical analyses of composite framed structures. It is the writers' belief that, once issues such as nonlinear boundary conditions ͑e.g., semirigid composite connections͒ have been properly taken into account, the formulation will be able to model composite framed systems properly. This work is currently in progress.
